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MINIMAL BOUNDARIES IN TONELLI LAGRANGIAN SYSTEMS
LUCA ASSELLE, GABRIELE BENEDETTI, AND MARCO MAZZUCCHELLI
Abstract. We prove several new results concerning action minimizing peri-
odic orbits of Tonelli Lagrangian systems on an oriented closed surface M .
More specifically, we show that for every energy larger than the maximal en-
ergy of a constant orbit and smaller than or equal to the Man˜e´ critical value of
the universal abelian cover, the Lagrangian system admits a minimal bound-
ary, i.e. a global minimizer of the Lagrangian action on the space of smooth
boundaries of open sets of M . We also extend the celebrated graph theorem of
Mather in this context: in the tangent bundle TM , the union of the supports
of all lifted minimal boundaries with a given energy projects injectively to the
base M . Finally, we prove the existence of action minimizing simple periodic
orbits on energies just above the Man˜e´ critical value of the universal abelian
cover. This provides in particular a class of non-reversible Finsler metrics on
the 2-sphere possessing infinitely many closed geodesics.
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1. Introduction
In low dimensional convex Hamiltonian dynamics, an important role is played
by periodic orbits that locally minimize the action. An instance of this can be
seen in the remarkable result of Bangert [Ban80] showing that the existence of
a locally length minimizing closed geodesic – a so-called “waist” – on a 2-sphere
forces the existence of infinitely many more closed geodesics. A Riemannian or
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Finsler 2-sphere does not necessarily have waists, and indeed there are Finsler
spheres with only finitely many closed geodesics [Kat73, Zil83]. However, Taimanov
[Tai91, Tai92] showed that magnetic geodesic flows on closed surfaces always have
waists on sufficiently small energy levels. This result has been given an independent
proof and put in the context of Aubry-Mather theory by Contreras, Macarini, and
Paternain [CMP04]. Recently, its validity has been extended to the class of Tonelli
Lagrangian system, the largest class Aubry-Mather theory deals with, by the first
and third author [AM16]. In the current paper, we improve these results and derive
new, rather unexpected, applications.
1.1. The setting. We recall that a Tonelli Lagrangian L : TM → R, where M is a
closed manifold, is a smooth function whose restriction to the fibers of the tangent
bundle TM is superlinear with positive definite Hessian. Its Euler-Lagrange flow
φtL : TM → TM is a second order flow on M : a smooth curve γ : R → M is a
Lagrangian orbit if and only if it satisfies the Euler-Lagrange equation ddt∂vL(γ, γ˙)−
∂qL(γ, γ˙) = 0; the corresponding flow line is given by φ
t
L(γ(0), γ˙(0)) = (γ(t), γ˙(t)).
The energy
E : TM → R, E(q, v) = ∂vL(q, v)v − L(q, v)
is a first integral of the dynamics, meaning that E ◦ φtL = E for all t ∈ R.
In this paper, we focus on periodic orbits, that is, those orbits of the form
γ : R/pZ → M for some period p > 0. The Lagrangian action with energy e ∈ R
of an absolutely continuous periodic curve γ : R/pZ→M is the quantity
Se(γ) =
∫ p
0
L(γ(t), γ˙(t)) dt+ p e ∈ R ∪ {+∞}.
The functional Se, whose domain is the space of absolutely continuous periodic
curves with arbitrary period, is known as the free-period action. A version of the
least action principle implies that the periodic orbits γ of the Lagrangian system
of L with energy e := E(γ, γ˙) are precisely the critical points of Se. The simplest
example of critical points are the minimizers: we will call Tonelli waist with energy
e a local minimizer of Se. We refer the reader to [Con06, Abb13] for the background
on the variational properties of the free-period action functional.
The qualitative properties of the Lagrangian dynamics depend on the energy level
that one considers. A first, significant, energy level is e0(L) := maxq∈M E(q, 0).
This is the lowest level such that, for all e above it, there are orbits with energy
e going through any given point of M . Another remarkable energy level is the
Man˜e´ critical value c(L), which is defined as the minimal energy e ∈ R such that
the free-period action functional Se is non-negative. Given a covering space M ′
of M , one can consider the Man˜e´ critical value of the lift of the Lagrangian L to
TM ′. When M ′ is equal to the universal abelian cover or to the universal cover,
the respective Man˜e´ critical values are usually denoted by c0(L) and cu(L). The
energy values that we have introduced so far are ordered as
e0(L) ≤ cu(L) ≤ c0(L) ≤ c(L).
Throughout this paper, we will always assume that e0(L) < c0(L). This is a mild
assumption, and indeed the strict inequality e0(L) < cu(L) is verified on a C
0-open
and C1-dense subspace of the space of Tonelli Lagrangians (Proposition 4.2).
On any energy level e > c0(L), the Lagrangian dynamics is of Finsler type, that
is, the Euler-Lagrange flow on E−1(e) is orbitally equivalent to a Finsler geodesic
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flow on the unit tangent bundle of M , see [CIPP98, Cor. 2]. On energy levels
e ≤ c0(L), the Lagrangian dynamics is in general different from a Finsler one, and
particularly when e ≤ cu(L) its study poses several issues due to the potential lack
of good variational properties of Se, see [Con06, Abb13, AMP15, AMMP17].
Building on the above mentioned Taimanov’s work, Contreras, Macarini, and
Paternain [CMP04] showed that, when M is a closed surface and L is magnetic
(that is, of the form L(q, v) = 12gq(v, v) + θq(v) for some Riemannian metric g
and 1-form θ), for any e ∈ (e0(L), cu(L)) there exists a (not necessarily simple)
Tonelli waist γ with energy e and negative action Se(γ) < 0.1 In the recent paper
[AM16], the first and third authors extended the validity of this result to general
Tonelli Lagrangians on closed surfaces. In this paper, we further strengthen the
result: on any energy level e ∈ (e0(L), c0(L)), we will show the existence of simple
Tonelli waists, that is, Tonelli waists that have no self-intersections. Actually, as in
[Tai91, Tai92, CMP04], we will actually show the existence of particular multicurves
of periodic orbits.
Throughout this paper, by a multicurve we mean a collection γ = (γ1, ..., γm)
of finitely many absolutely continuous periodic curves γi : R/piZ → M . Each
γi is called a component of γ. When the γi’s are topologically embedded and
have pairwise disjoint image, the multicurve γ is said to be embedded and can be
seen as an oriented 1-dimensional topological submanifold of M with connected
components γ1, ..., γm. On a closed oriented surface M , an embedded multicurve
γ is a topological boundary when it is the piecewise smooth (with finitely many
singular points) oriented boundary of an open subset Σ ⊂M . We denote by B the
space of topological boundaries of M . The free-period action functional admits a
natural extension, that we will still denote by Se, on the space of multicurves in M :
given any such multicurve γ = (γ1, ..., γm), we set Se(γ) := Se(γ1)+...+Se(γm). We
say that a topological boundary γ = (γ1, ..., γm) is a minimal boundary with energy
e for the Tonelli Lagrangian L : TM → R when Se(γ) = infB Se. If e > e0(L),
the components of minimal boundaries with energy e are simple Tonelli waists with
energy e (Lemma 2.6).
1.2. Results on subcritical energies. The first result of our paper implies, in par-
ticular, the existence of simple Tonelli waists in the energy range (e0(L), c0(L)].
Theorem 1.1. Let M be an oriented closed surface, and L : TM → R a Tonelli
Lagrangian with e0(L) < c0(L). For each energy value e ∈ (e0(L), c0(L)], there
exists a minimal boundary γ with energy e for L with action Se(γ) < 0 if e < c0(L),
or Se(γ) = 0 if e = c0(L).
1The above mentioned result in [CMP04] is actually claimed for all e ∈ (e0(L), c0(L)), but
the proof contains a mistake, which makes the argument correct only for e ∈ (e0(L), cu(L)).
The mistake is in the technical lemma [CMP04, Lemma 3.3]: the claim that the multicurve τ is
null-homologous is not always true. This is only an issue for energies e ≥ cu(L). Indeed, when
e < cu(L), the curve τ can be chosen to be the lift of a contractible curve, and in particular it
is null-homologous. Nevertheless, the impact of the mistake on the main result of [CMP04] is
essentially at level cu(L). Indeed, the strict inequality cu(L) < c0(L) can only hold for surfaces of
genus at least 2, which have non-abelian fundamental group, and for each energy e > cu(L) the
existence of a Tonelli waist becomes elementary: Se satisfies the Palais-Smale condition, and one
can find global minimizers of Se in every connected component of non-contractible periodic curves.
Our Theorem 1.1 in particular recovers the full result of [CMP04] for all e ∈ (e0(L), c0(L)).
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LetM0(L) be the set of Borel probability measures µ on the tangent bundle TM
that are invariant by the Euler-Lagrange flow φtL and have rotation vector ρ(µ) = 0.
We denote byMmin(L) the set of minimal measures with zero rotation vector, that
is, those µ ∈M0(L) such that S(µ) = infM0(L) S, where S is the action functional
on probability measures
S(µ) =
∫
TM
Ldµ.
One of the earliest results of Aubry-Mather theory asserts that infM0(L) S = −c0(L),
and that any minimal measure with zero rotation vector has support in the energy
level E−1(c0(L)). Moreover, Mather’s graph theorem asserts that the base projec-
tion pi : TM →M restricts to an injective map on the Mather set
M0(L) :=
⋃
µ∈Mmin(L)
supp(µ),
see [Mat91, CI99, FGS09].
The subcritical energy levels are unaccessible by Aubry-Mather theory, but nev-
ertheless the minimal boundaries provide invariant sets by the Euler-Lagrange flow
analogous to the Mather set. Indeed, for each e ∈ (e0(L), c0(L)], we define
Ge(L) ⊂ E−1(e)
to be the union, over all components γ of all minimal boundaries with energy e, of
all points of the form (γ(t), γ˙(t)). If e0(L) < c0(L), the set Gc0(L)(L) turns out to be
precisely the Mather set M0(L) (Proposition 2.13). Therefore, our next theorem
can be seen as an extension of Mather’s graph theorem to subcritical energy levels
on closed oriented surfaces.
Theorem 1.2 (Subcritical graph theorem). Let M be an oriented closed surface,
and L : TM → R a Tonelli Lagrangian with e0(L) < c0(L). For each energy value
e ∈ (e0(L), c0(L)], the restriction pi|Ge(L) : Ge(L)→M is injective.
As an application of the subcritical graph theorem and of Theorem 1.1, we prove
the existence of simple Tonelli waists on subcritical energy levels of non-orientable
closed surfaces, see Theorem 3.2.
1.3. Results on supercritical energies. Let M be a closed oriented surface, and
L : TM → R a Tonelli Lagrangian. It is well-known that, if e > c0(L) and M has
positive genus, there exist infinitely many Tonelli waists with energy e, and at least
a simple one. On the other hand, there are never minimal boundaries for e > c0(L),
since infB Se = 0 and the infimum is not attained. Our next theorem shows that
there are at least locally minimal boundaries.
Theorem 1.3. Let M be an oriented closed surface, and L : TM → R a Tonelli
Lagrangian such that e0(L) < c0(L). There exists cw(L) > c0(L) and, for each
e ∈ (c0(L), cw(L)), a topological boundary γ = (γ1, ..., γm) whose components are
(simple) Tonelli waists for L with energy e.
The assumption e0(L) < c0(L) in Theorem 1.3 cannot be dropped. Indeed, if g
denotes the round Riemannian metric on S2, the Tonelli Lagrangian L : TS2 → R,
L(q, v) = 12gq(v, v) satisfies e0(L) = c0(L) = c(L) = 0 and does not have Tonelli
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waists on any energy level e > 0. Theorem 1.3 becomes particularly significant
precisely when M = S2, as there are examples due to Katok [Kat73, Zil83] of
Tonelli Lagrangians L : TS2 → R with e0(L) < c(L) and such that, on some
energy level e > c(L), there are only finitely many periodic orbits and no Tonelli
waists at all.
The waist theorem for Tonelli Lagrangians on surfaces, which was stated with-
out proof in [AMMP17, Corollary 2.7], implies in particular that the presence of
a contractible Tonelli waist on energy levels e > cu(L) forces the existence of in-
finitely many other contractible periodic orbits with energy e. This, together with
Theorem 1.3, implies a new multiplicity result for Tonelli periodic orbits on S2 at
energies just above the c(L).
Theorem 1.4. Let L : TS2 → R be a Tonelli Lagrangian such that e0(L) < c(L).
For all energy levels e ∈ (c(L), cw(L)), the Lagrangian system of L admits infinitely
many periodic orbits with energy e.
We will show in Section 5 that Theorem 1.4 provides a class of non-reversible
Finsler metrics (of Randers type, as the Katok’s one [Kat73, Zil83]) on S2 having
infinitely many closed geodesics.
1.4. Organization of the paper. In Section 2, after some preparatory lemmas on
embedded multicurves on surfaces, we prove the four main theorems stated in the
introduction. In Section 3, we prove Theorem 3.2 on the existence of simple Tonelli
waists on subcritical energy levels in non-orientable closed surfaces. In Section 4
we provide a sufficient condition for the inequality e0(L) < cu(L), and show in
particular that it is verified for a C1-generic Tonelli Lagrangian. In Section 5 we
study the implications of Theorem 1.4 to Finsler dynamics on S2. In the Appendix,
we prove a remark concerning Tonelli waists in the W 1,2 functional setting of the
free-period action functional.
1.5. Acknowledgements. We are grateful to Gonzalo Contreras, Leonardo Macarini,
and Gabriel Paternain for a helpful discussion concerning their paper [CMP04].
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“Morse theoretical methods in Hamiltonian dynamics”. Marco Mazzucchelli is par-
tially supported by the ANR COSPIN (ANR-13-JS01-0008-01).
2. The orientable case
2.1. Homological versus topological boundaries. Let M be a closed oriented sur-
face. A multicurve γ in M defines a homology class [γ] ∈ H1(M ;Z), and is called a
homological boundary when [γ] = 0. Clearly, a topological boundary in M is also
a homological boundary. Conversely, we have the following statement. Given two
multicurves γ = (γ1, ..., γm) and ζ = (ζ1, ..., ζn) in M , their union is the multicurve
γ ∪ ζ = (γ1, ..., γm, ζ1, ..., ζn).
Lemma 2.1. An embedded multicurve γ is a homological boundary if and only if it
can be written as a disjoint union of topological boundaries.
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Proof. We only have to prove the “only if” direction of the statement. Therefore,
let us assume that the embedded multicurve γ = (γ1, ..., γm) is a homological
boundary. Let Σ1, ...,Σk be the connected components of M \ γ. The oriented
boundary of Σi is an (a priori not necessarily disjoint) union ∂Σi = ∂+Σi ∪ ∂−Σi,
where the orientations of ∂Σi and γ coincide on ∂+Σi and differ on ∂−Σi. We
introduce a suitable triangulation of M such that the periodic curves γi and the
closures of the regions Σj define simplicial chains that we still denote by γi and
Σj with a common abuse of notation. Since the multicurve γ is a homological
boundary, we can find a 2-chain Π such that γ = ∂Π.
We claim that there exist n1, ..., nk ∈ Z such that Π = n1Σ1+ ...+nkΣk. Indeed,
Π is an integer linear combination of the 2-simplexes of the triangulation; if ∆ and
∆′ are 2-simplexes contained in the closure of the same Σi, then their coefficients
must be the same; this is clear if ∆ and ∆′ are adjacent and, in general, follows
from the connectedness of Σi. We conclude that
γ1 + . . .+ γm = n1(∂+Σ1 + ∂−Σ1) + . . .+ nk(∂+Σk + ∂−Σk). (2.1)
We define the functions ι± : {1, ...,m} → {1, ..., k} such that, for each i = 1, ...,m,
the oriented loop γi belongs to ∂+Σι+(i) and, with reverse orientation, to ∂−Σι−(i).
Equation (2.1) implies that
nι+(i) = nι−(i) + 1, ∀i = 1, ...,m. (2.2)
We set J1 := {1} and proceed iteratively, for increasing values of h starting at
h = 1, as follows: if Jh 6= ∅, we set
Jh+1 :=
⋃
j∈Jh
ι+(ι
−1
− (j)).
Notice that, if j ∈ Jh and j′ ∈ ι+(ι−1− (j)), Equation (2.2) implies that nj′ = nj + 1.
Therefore Jh+1∩
(
J1∪ ...∪Jh
)
= ∅, which implies that the iterative procedure will
eventually stop, giving Jh+1 = ∅ for some integer h. This means that the oriented
boundary γ′ of the compact subset
Σ′ :=
⋃
j∈J1∪...∪Jh
Σj .
is a union of some connected components of γ. Now we repeat the same procedure
with the homological boundary γ1 := γ \ γ′; the process clearly stops after finitely
many steps, thus giving the desired decomposition of γ as the disjoint union of
topological boundaries. 
We call an embedded homological boundary irreducible if it cannot be decom-
posed as a disjoint union of two non-empty homological boundaries. Lemma 2.1
implies that irreducible homological boundaries are indeed topological boundaries.
We recall that a non-zero homology class h ∈ H1(M ;Z) is called primitive when it
is not of the form h = nk, with n > 1 and k ∈ H1(M ;Z).
Lemma 2.2. Let γ = (γ1, ..., γm) be an irreducible topological boundary on an
oriented closed surface M of genus g. Then m ≤ g+ 1 and, if m > 1, all the classes
[γi] ∈ H1(M ;Z) are non-zero, primitive and pairwise distinct.
Proof. If [γi0 ] = 0 for some i0, then γi0 is itself a topological boundary. Therefore,
if we assume that m > 1, all the classes [γi] ∈ H1(M ;Z) are non-zero. Since every
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component γi is a simple curve, its homology class [γi] is primitive, see [FM12,
Proposition 1.4].
Let us assume by contradiction that [γi] = [γj ] for some i 6= j. We denote γj the
curve γj with opposite orientation. The multicurve γ
′ = (γi, γj) is a homological
boundary, and since both [γi] and [γj ] = −[γj ] are non-zero in H1(M ;Z), Lemma 2.1
implies that γ′ is a topological boundary. Let Σ′ ⊂ M \ γ′ be the connected
component whose oriented boundary is γ′. The oriented boundary of the open
subset Σ′′ := Σ ∪ γj ∪ Σ′ ⊂M is a topological boundary γ′′. Notice that γj is not
a component of γ′′. Therefore γ′′ is strictly contained in γ, which contradicts the
irreducibility of γ.
Finally, assume by contradiction thatm > g+1. Let V ⊂ H1(M ;Q) be the vector
space over the rational numbers generated by the homology classes [γ1], ..., [γm]. We
recall that H1(M ;Q) can be equipped with a symplectic bilinear form ω given by
ω(h, k) = h ∩ k, where ∩ denotes the homology intersection product. Since the
curves γi are pairwise disjoint, V is an isotropic subspace of H1(M ;Q), and in
particular dimV ≤ 12 dim H1(M ;Q) = g. Since γ is null-homologous, the origin
in V is in the convex hull of the set {[γ1], ..., [γm]}. By Caratheodory’s Theorem,
there are g + 1 non-negative integers n1, ..., ng+1 and g + 1 components of γ, say
γ1, ..., γg+1, such that
0 = n1[γ1] + . . .+ ng+1[γg+1].
Let γ′ be an auxiliary embedded homological boundary γ′ with ni components in
the class [γi], for i = 1, ..., g + 1. By Lemma 2.1, we can write γ
′ as a disjoint
union γ′ = γ′′ ∪ γ′′′ for some irreducible topological boundary γ′′ = (γ′′1 , ..., γ′′m′).
We already proved that the components of irreducible topological boundaries have
pairwise distinct homology classes. Therefore, there exist pairwise distinct indices
i1, ..., im′ ∈ {1, ..., g + 1} such that [γ′′j ] = [γij ] for all j = 1, ...,m′. In particular,
m′ ≤ g + 1 and [γi1 ] + ...+ [γim′ ] = 0. This contradicts the irreducibility of γ. 
2.2. Subcritical minimal boundaries. Let M be a closed oriented surface. For a
number m ∈ N, we denote by B(m) ⊂ B the subspace of topological boundaries
in M with m components. We endow B(m) with the absolutely continuous topol-
ogy, and we consider its closure B(m), which is the space of “pinched” topological
boundaries. Notice that the components of the multicurves in B(m) are allowed to
intersect one another, but only with tangencies.
Let L : TM → R be a Tonelli Lagrangian. The notion of injectivity radius
from Riemannian geometry generalizes to Tonelli systems as follows (see [AM16,
Subsection 2.1] for the proofs). Let g be an auxiliary Riemannian metric on M ,
which induces a distance d : M ×M → [0,∞). For each energy value e > e0(L)
there exist τinj > 0 and ρinj > 0 such that, for each q0, q1 ∈M with d(q0, q1) ≤ ρinj
there exists τ ∈ [0, τinj] and a smooth curve γ : [0, τ ] → M that is a unique local
free-time action minimizer with endpoints γ(0) = q0 and γ(τ) = q1. This means
that, if B ⊂ M denotes the closed Riemannian ball of radius ρinj centered at q0,
for any other absolutely continuous curve ζ : [0, σ] → B such that ζ(0) = q0 and
ζ(σ) = q1, we have∫ τ
0
L(γ(t), γ˙(t)) dt+ τe <
∫ σ
0
L(ζ(t), ζ˙(t)) dt+ σe.
For m ∈ N, we denote by De(m) the space of absolutely continuous multicurves
with m components γ = (γ1, ..., γm) such that each γi is the concatenation of a
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η
θ1 θ2
(a) (b)
γ1 γ2
(c)
Figure 1. (a) A curve η with three double points. (b) The rearrargement of
η as a multicurve θ = (θ1,θ2) whose only self-intersections are tangencies.
(c) The embedded multicurve γ = (γ1, γ2) obtained by chamfering the corners
of θ.
finite number of unique local free-time action minimizers. We set
Me :=
⋃
m∈N
B(m) ∩ De(m).
In [AM16, Lemmas 2.7-2.8], the first and third authors investigated the properties of
the minimizers of the free-period action functional Se over the spaces B(m)∩De(m),
and in particular proved the following.
Lemma 2.3. For every e > e0(L), any multicurve γ ∈ Me satisfying Se(γ) =
inf Se|Me is embedded, and its components are Tonelli waists with energy e. 
The proof of [AM16, Theorem 1.1] actually implies the following statement.
Lemma 2.4. If, for some e > e0(L), Se attains negative values on the space Me,
then there exists a multicurve γ ∈Me such that Se(γ) = inf Se|Me . 
Lemma 2.4 is always applicable on subcritical energy levels, according to the
following statement.
Lemma 2.5. For each e ∈ (e0(L), c0(L)), Se attains negative values on Me.
Proof. Since e ∈ (e0(L), c0(L)), there exists an absolutely continuous and null-
homologous curve ζ : R/sZ→M such that Se(ζ) < 0. Let k ∈ N be large enough
so that d(ζ( iks), ζ(
i+1
k s)) < ρinj for all i = 0, ..., k−1. We denote by η : R/rZ→M
the piecewise smooth curve such that, for some 0 = r0 < ... < rk−1 = r, each
restriction η|[ri,ri+1] is the unique local free-time action minimizers with energy e
joining η(ri) = ζ(
i
ks) and η(ri+1) = ζ(
i+1
k s). Clearly Se(η) ≤ Se(ζ) < 0 and,
up to choosing k large enough, the periodic curve η is freely homotopic to ζ. In
particular, η is null-homologous. Moreover, up to a generic perturbation of the
vertices η(ri), we can assume that η has only finitely many self-intersections, all of
which are double points.
We now produce a multicurve θ = (θ1, ..., θm) ∈ De(m), for some m ≤ n, with
the following properties: the total support of θ coincide with the support of η, its
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action is Se(θ) = Se(η), and the only self intersections of θ are tangencies. Such a
multicurve θ is obtained starting from η, by transforming any crossing at a double
point into a tangency in the unique way compatible with the orientation, as in the
example in Figure 1(a-b).
Since θ is obtained by rearranging η, its homology class is [θ] = [η] = 0 in
H1(M ;Z), that is, θ is a homological boundary. By chamfering the corners of θ
(Figure 1(c)), we can find an embedded multicurve γ ∈ De(m) that is arbitrarily
close to θ. In particular, we choose γ to be sufficiently close to θ so that [γ] = [θ] =
0 in H1(M ;Z) and Se(γ) < 0. By Lemma 2.1, the multicurve γ can be written
as a finite union γ = γ1 ∪ ... ∪ γh, where each γj is a topological boundary. In
particular, each γj belongs to Me. Since
Se(γ1) + . . .+ Se(γh) = Se(γ) < 0,
at least one such γj must satisfy Se(γj) < 0. 
Lemma 2.6. For each e > e0(L), the components of minimal boundaries with energy
e are (simple) Tonelli waists with energy e.
Proof. Let γi be a component of a minimal boundary γ with energy e, and t0 ∈ R
be such that γi is smooth at t0. For all sufficiently large n ∈ N, we have that
d(γi(t0), γi(t0 + n
−1)) < ρinj. We denote by ζn : [0, τn] → M the unique local
free-time action minimizer with energy e such that ζn(0) = γi(t0) and ζn(τn) =
γi(t0 + n
−1). As n → ∞, we have that τn → 0 and ζ˙n(0) → γ˙i(t0). This readily
implies that, for all n large enough, ζn intersects the embedded multicurve γ only
in γi([t0, t0+n
−1]). Fix now such a large enough n ∈ N. We denote by γ′i the curve
γi with the portion γi|[t0,t0+n−1] replaced by ζn, and by γ′ the multicurve γ with
the component γi replaced by γ
′
i. Clearly, Se(γ′) ≤ Se(γ), and this inequality is not
strict if and only if the curves γi|[t0,t0+n−1] and ζn coincide. Since γ is a minimal
boundary with energy e and γ′ ∈ B, we infer that γ ∈ Me ∩ B, that is, each
component of γ is a piecewise smooth solution of the Euler-Lagrange equation with
energy e. Now, arguing as in the proof of [AM16, Lemma 2.7], we infer that each
component γi of γ is a simple periodic orbit with energy e. Assume by contradiction
that one such γi is not a Tonelli waist. Therefore, there exists a piecewise smooth
γ′′i that is arbitrarily C
1-close to γi and satisfies Se(γ′i) < Se(γi). We fix one such γ′′i
that is C1-close enough to γi so that it is a simple curve that does not intersect any
other component of γ. By replacing the component γi of γ with γ
′′
i , we thus obtain
a multicurve γ′′ that is still a topological boundary and satisfies Se(γ′′) < Se(γ).
This contradicts the fact that γ is a minimal boundary. 
Proof of Theorem 1.1 for e < c0(L). Lemmas 2.4 and 2.5 imply that there exists a
multicurve γ ∈ Me such that Se(γ) = inf Se|Me < 0. Lemma 2.3 further implies
that γ is embedded (thus a topological boundary), and its components are Tonelli
waists with energy e. Finally, Lemma 2.6 implies that minimal boundaries with
energy e belongs to Me, and in particular
inf
B
Se = infMe Se = Se(γ).
Therefore, γ is a minimal boundary with energy e. 
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2.3. Critical minimal boundaries. The very definition of the Man˜e´ critical value
c0(L) implies that Sc0(L) is non-negative over the space of null-homologous abso-
lutely continuous periodic curves inM . This actually implies the following property,
which holds for general closed manifolds M .
Lemma 2.7. Let M be a closed manifold, and L : TM → R a Tonelli Lagrangian.
The associated action functional Sc0(L) is non-negative over the space of homological
boundaries of M .
Proof. Let us assume by contradiction that there exists a homological boundary
γ = (γ1, ..., γm) with Sc0(L)(γ) < 0. For each i = 1, ...,m − 1, we choose an
absolutely continuous path ζi : [0, 1] → M such that ζi(0) = γi(0) and ζi(1) =
γi+1(0). For each n ∈ N, we define the loop
ξn := γ
n
1 ∗ ζ1 ∗ γn2 ∗ . . . ∗ ζm−1 ∗ γnm ∗ ζm−1 ∗ ζm−2 ∗ . . . ∗ ζ1,
where ζi : [0, 1] → M denotes the reversed path ζi(t) = ζi(1 − t) joining γi+1(0)
and γi(0), ∗ denotes concatenation of paths, and the superscript n denotes the n-th
iteration of a loop. Notice that ξn is null-homologous, for
[ξn] = [γ
n
1 ] + . . .+ [γ
n
m] + [ζ1 ∗ ζ1]︸ ︷︷ ︸
=0
+ . . .+ [ζm−1 ∗ ζm−1]︸ ︷︷ ︸
=0
= n[γ] = 0.
However, its action
Sc0(L)(ξn) = nSc0(L)(γ) +
m−1∑
i=1
Sc0(L)(ζi ∗ ζi),
is negative for n large enough, contradicting the definition of c0(L). 
Proof of Theorem 1.1 for e = c0(L). Fix an energy value e1 ∈ (e0(L), c0(L)), and
consider the Tonelli injectivity radius ρinj = ρinj(e1) > 0 introduced in Section 2.2.
Its properties readily imply that every absolutely continuous periodic curve γ :
R/pZ → M , with p > 0, that is entirely contained in a closed Riemannian ball of
radius ρinj satisfies Se1(γ) > 0, and thus also Se(γ) = Se1(γ) + (e− e1)p > 0 for all
e > e1. Here, ρinj is small enough so that all closed Riemannian balls of radius ρinj
are contractible.
By [AM16, Lemma 2.9], any piecewise smooth multicurve γ = (γ1, ..., γm) ∈
B(m) with components of the form γi : R/piZ→M satisfies
m∑
i=1
pi ≤
Se(γ) +
∫
M
|dθ|
e− e0(L) , (2.3)
where θ is the 1-form on M given by θq(v) = ∂vL(q, 0)v.
For each e ∈ (e1, c0(L)), let γe = (γe,1, ..., γe,me) ∈Me be the minimal boundary
given by Theorem 1.1, so that
Se(γe) = infB Se = infMe Se < 0. (2.4)
We claim that no component of γe is contained in a Riemannian ball of radius ρinj.
Otherwise, after removing all such components γe,i (which have action Se(γe,i) > 0),
we would be left with a multicurve γ′ ⊆ γe that is still a topological boundary,
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but satisfies Se(γ′) < Se(γe), contradicting (2.4). In particular, every component
γe,i : R/pe,iZ→M has length at least 2ρinj and period bounded from below as
pe,i ≥ pmin := 2ρinj min
{|v|q ∣∣ E(q, v) ≥ e1}.
By (2.3), the total period of the multicurve γe can be bounded from above as
me∑
i=1
pe,i < pmax :=
∫
M
|dθ|
e1 − e0(L) .
Notice that pmax and pmin are independent of e ∈ (e1, c0(L)). The total length of
the multicurve γe can be uniformly bounded as
me∑
i=1
length(γe,i) < pmax max
{|v|q ∣∣ E(q, v) ≤ c0(L)}.
Therefore, the number me of connected components of γe is uniformy bounded as
1 ≤ me ≤ pmax
2ρinj
max
{|v|q ∣∣ E(q, v) ≤ c0(L)}.
This, together with the pigeonhole principle, implies that there exists m ∈ N and
a monotone increasing sequence eα → c0(L) such that each multicurve γeα has
m connected components. Since the lengths and the periods of the connected
components of the γeα ’s are uniformly bounded from above and uniformly bounded
away from zero, up to extracting a subsequence we have that γeα converges in the
C∞-topology to some multicurve γ ∈Mc0(L) as α→∞. The action of γ satisfies
Sc0(L)(γ) = limα→∞Seα(γeα) ≤ 0.
Since γ is a homological boundary, Lemma 2.7 implies that γ is a global minimizer
of Sc0(L) on the space of homological boundaries and has action Sc0(L)(γ) = 0. In
particular, γ is a global minimizer of Sc0(L)|Mc0(L) , and Lemma 2.3 implies that γ
is embedded, and thus a minimal boundary. 
Unlike on subcritical energies, minimal boundaries with energy c0(L) have the
following decomposition property.
Corollary 2.8. Let M be an oriented closed surface of genus g, and L : TM → R
a Tonelli Lagrangian with e0(L) < c0(L). Every minimal boundary with energy
c0(L) can be decomposed as the disjoint union of irreducible minimal boundaries
with energy c0(L). In particular, there exist irreducible minimal boundaries with
energy c0(L), which have at most g + 1 components.
Proof. Let γ be a minimal boundary at level c0(L), whose existence is guaranteed
by Theorem 1.1. By Lemma 2.1, the homological boundary γ can be decomposed
as a disjoint union γ = γ1 ∪ ... ∪ γk, where each γi is an irreducible topological
boundary. Since Sc0(L)(γ) = Sc0(L)(γ1) + ...+ Sc0(L)(γm) = 0, Lemma 2.7 implies
that Sc0(L)(γi) = 0 for all i = 1, ...,m. Therefore, all the irreducible topological
boundaries γi are minimal, and Lemma 2.2 implies that each of them has at most
g + 1 components. 
The upper bound g + 1 on the number of components of an irreducible minimal
boundary with energy c0(L) is optimal. Indeed, as the following example shows,
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any given irreducible topological boundary is the unique minimal boundary with
energy c0(L) for a suitable Tonelli Lagrangian L.
Example 2.9. Let M be a closed oriented surface, and γ = (γ1, ..., γm) an irreducible
topological boundary in M . We choose a Riemannian metric g on M with respect
to which the components γi : R/piZ→ M have unit speed. We denote by | · | the
norm on vectors and covectors induced by g. We choose a 1-form θ on M such that
|θq| < 1 for all q ∈M \γ, and θγi(t) = −g(γ˙i(t), ·) for all i = 1, ...,m and t ∈ R/piZ.
We define the Tonelli Lagrangian
L : TM → R, L(q, v) = 12gq(v, v) + θq(v),
and claim that γ is the unique minimal boundary for L with energy c0(L). Indeed,
consider the dual Tonelli Hamiltonian H : T∗M → R, H(q, p) = 12 |p− θq|2. By the
minmax characterization [CIPP98, Theorem A] of the Man˜e´ critical value, we have
c0(L) ≤ c(L) = inf
u∈C∞(M)
max
q∈M
H(q,du(q)) ≤ max
q∈M
H(q, 0) = 12 .
Since
S1/2(γ) =
∫ p
0
(
1
2 |ζ˙(t)|+ θ(ζ˙(t))
)
dt+ 12 p = − 12p+ 12p = 0,
we have that c0(L) ≥ 12 . Therefore,
c(L) = c0(L) =
1
2 > 0 = e0(L).
and γ is a minimal boundary with energy c0(L). Assume now that ζ : R/pZ→M
is a periodic orbit with energy c0(L). Since the energy function associated to L is
E : TM → R, E(q, v) = 12gq(v, v), the curve ζ has unit speed. If we assume that ζ
is not one of the components of γ, we have θ(ζ˙) > −1, and therefore
S1/2(ζ) =
∫ p
0
(
1
2 |ζ˙(t)|+ θ(ζ˙(t))
)
dt+ 12p > − 12p+ 12p = 0.
This shows that no curve other than the γi’s is the component of a minimal bound-
ary with energy c0(L). 
2.4. The invariant sets Ge(L). Let M be a closed oriented surface, and L : TM → R
a Tonelli Lagrangian such that e0(L) < c0(L). Let us rephrase the statement of
Theorem 1.2 in a way that is more convenient for its proof:
Theorem 1.2 (rephrased). If γ = (γ1, ..., γm) and ζ = (ζ1, ..., ζn) are two minimal
boundaries with energy e ∈ (e0(L), c0(L)] for L such that γi(r) = ζj(s) for some
i ∈ {1, ...,m}, j ∈ {1, ..., n}, and r, s ∈ R, then γi(r + t) = ζj(s+ t) for all t ∈ R.
Proof. We fix an energy e > e0(L) and an arbitrary Riemannian metric on M
which induces a distance d : M ×M → [0,∞). We already introduced the Tonelli
injectivity radius ρinj > 0 in Section 2.2. Actually, by [AM16, Lemma 2.3 and
Cor. 2.5], ρinj can be chosen so that, for each closed Riemannian ball B ⊂ M of
radius ρinj, the following properties hold:
(i) for all distinct curves γ : [a, b] → B and ζ : [c, d] → B that are portions of
some orbits of the Lagrangian system of L with energy e satisfying γ(t1) =
ζ(s1) and γ(t2) = ζ(s2) for some t1, t2 ∈ [a, b] and s1, s2 ∈ [c, d], we have
t1 ≤ t2 if and only if s1 ≥ s2;
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γi
ζj
Σ2
Σ1
Figure 2. Example of intersections between the multicurves γ and ζ. The
small white regions are components of Π2. The support of the curves γi and
ζj coincide with opposite orientation in the dashed subintervals, which are
contained in ∂(Σ1 ∪ Σ2) \ ∂(Σ1 ∪ Σ2).
(ii) any absolutely continuous periodic curve γ : R/pZ → B with p > 0 is
contractible and has action Se(γ) > 0.
Let us now consider two minimal boundaries γ and ζ as in the statement. Since
they are in particular smooth embedded multicurves (by Lemma 2.6), we can find
ρ = ρ(γ, ζ) ∈ (0, ρinj) small enough such that the following property holds
(iii) for each closed Riemannian ball B ⊂M of radius ρ, the intersections γ ∩B
and ζ∩B are diffeomorphic to a compact interval (and possibly the interval
reduces to a single point when a multicurve intersects B with an external
tangency).
Let Σ1,Σ2 ⊂ M be the open subsets whose oriented boundaries are ∂Σ1 = γ and
∂Σ2 = ζ. A priori, the open sets Σ1∩Σ2 andM\(Σ1 ∪ Σ2) may have infinitely many
connected components (this happens if γ and ζ have non-isolated intersections).
We denote by Π1 ⊂ Σ1 ∩ Σ2 and Π2 ⊂ M \ (Σ1 ∪ Σ2) the union of their “small”
connected components, where a connected component is considered small if it is
contained in a Riemannian ball of radius ρ. Points (i) and (iii) imply that every
connected component of Π1 and Π2 is an open ball whose oriented boundary is
a curve obtained by concatenating an interval contained in γ with an interval
contained in ζ.
Notice that the open sets Σ1∩Σ2 \Π1 and M \(Σ1 ∪ Σ2∪Π2) have finitely many
connected components. Indeed, any such connected component Υ is not contained
in any Riemannian ball of radius ρ, and therefore its boundary ∂Υ has length at
least 2ρ. This gives
#pi0(Σ1 ∩ Σ2 \Π1) + #pi0(M \ (Σ1 ∪ Σ2 ∪Π2)) ≤ length(γ) + length(ζ)
2ρ
.
The oriented boundaries θ := ∂(Σ1∩Σ2 \Π1) and η := ∂(−M \ (Σ1 ∪ Σ2∪Π2)),
where the minus sign denotes the reverse orientation, are obtained by concatenating
finitely many subintervals of the multicurve γ ∪ ζ (here, each subinterval of γ ∪ ζ
contributes to at most one subinterval of θ ∪ η). Indeed, assume that there is a
continuous curve of the form σ : [0, t4]→ ∂(Σ1∩Σ2) or σ : [0, t4]→ ∂(M\(Σ1 ∪ Σ2))
such that, for some 0 < t1 < t2 < t3 < t4, σ|[0,t1] and σ|[t2,t3] are subintervals of γ,
σ|[t1,t2] and σ|[t3,t4] are subintervals of ζ, and that σ|[t1,t2] and σ|[t2,t3] have length
at most ρ. The curve σ|[t1,t3] is contained in a closed Riemannian ball B of radius ρ.
Properties (i) and (iii) imply that σ(t1) = σ(t3), that is, σ winds around the closed
curve σ|[t1,t3] of length at most 2ρ, and therefore it is the boundary of a connected
component of Π1 or Π2.
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The portions of γ and ζ that are not employed for building θ and η can be of
two kinds: those that form the oriented boundaries ∂Π1 and −∂Π2, and those who
form “thin” closed curves in ∂(Σ1 ∪ Σ2) \ ∂(Σ1 ∪ Σ2), see Figure 2. We denote by
γ′i : [0, ai] → M , for i = 1, ..., k, and ζ ′j : [0, bj ] → M , for j = 1, ..., l, the portions
of γ and ζ respectively that are not employed for building θ and η. We denote by
I ⊂M the set of intersections between γ and ζ. Notice that γ′i(0), γ′i(ai) ∈ I, and
moreover each t ∈ [0, ai] is contained in a closed interval [t′, t′′] ∈ [0, ai] such that
γ′i(t
′), γ′i(t
′′) ∈ I and d(γ′i(t′), γ′i(t′′)) ≤ 2ρ. An analogous statement holds for the
curves ζ ′j . Properties (i) and (iii) imply that k = l and, up to reordering the curves
ζ ′1, ..., ζ
′
l , we can find finite sequences
0 = ai,0 < ai,1 < ... < ai,ki = ai,
0 = bi,ki < bi,ki−1 < ... < bi,0 = bi
such that, for all i = 1, ..., k,
γ′i(ai,j) = ζ
′
i(bi,j), ∀j = 1, ..., ki,
d(γ′i(ai,j), γ
′
i(ai,j+1)) ≤ 2ρ, ∀j = 1, ..., ki − 1.
Therefore, for each i ∈ {1, ..., k} and j ∈ {1, ..., ki−1}, the restrictions γ′i|[ai,j ,ai,j+1]
and ζ ′i|[bi,j+1,bi,j ] are contained in a same closed Riemannian ball of radius ρ, and
can be concatenated to form a loop. This, together with property (ii), implies that
k∑
i=1
(
Se(γ′i) + Se(ζ ′i)
)
≥ 0 (2.5)
and such an inequality is strict unless k = 0, that is, unless all the portions of γ
and ζ are employed for building θ and η. This implies that
Se(θ) + Se(η) ≤ Se(θ) + Se(η) +
k∑
i=1
(
Se(γ′i) + Se(ζ ′i)
)
= Se(γ) + Se(ζ)
= 2 inf
B
Se
= 2 inf
Me
Se,
(2.6)
Since θ and η are formed by concatenating finitely many subintervals of γ and ζ,
in particular θ,η ∈Me. The inequality (2.6) thus forces
Se(θ) = Se(η) = Se(γ) = Se(ζ) = infMe Se,
and k = 0. In particular Π1 = Π2 = ∅, and
θ = ∂(Σ1 ∩ Σ2), η = ∂(Σ1 ∪ Σ2).
By Lemma 2.3, θ and η are embedded multicurves whose components are simple
Tonelli waists with energy e. Since θ and η were constructed by concatenating
subintervals of γ and ζ, each component of θ and η is a component of γ or ζ.
Assume now that γi(r) = ζj(s) for some i ∈ {1, ...,m}, j ∈ {1, ..., n}, and
r, s ∈ R, but γi(r + t) 6= ζj(s + t) for some t ∈ R. Therefore, γi and ζj intersect,
but are not the same curve. This gives a contradiction: if the only intersections
between γi and ζj were tangencies, the multicurve η = ∂(Σ1 ∪ Σ2) would not be
embedded (see Figure 3(a)); otherwise, if γi and ζj intersected in a topologically
essential way (for instance transversally), the components of η would not be orbits
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Figure 3. (a) Tangency between γ and ζ. (b) Transversal intersection between
γ and ζ.
of the Lagrangian system of L (in case of a transvere intersection, they would not
even be smooth, see Figure 3(b)). 
Let us now focus on the energy level c0(L), and consider the setting of invariant
measures introduced before Theorem 1.2. We fix a minimal measure µ ∈Mmin(L).
An argument due to Haefliger [CMP04, Prop. 2.1] implies that the support of µ
is foliated by periodic orbits of the Euler-Lagrange flow φtL in the energy level
E−1(c0(L)). For each (q, v) ∈ supp(µ), we denote by p(q, v) the period of the orbit
t 7→ Γ(q,v)(t) := φtL(q, v), and we denote by γ(q,v) := pi ◦ Γ(q,v) its base projection,
which is a simple periodic curve in M according to Mather’s graph theorem.
Lemma 2.10. For each (q, v) ∈ supp(µ) and  > 0, there exists a neighborhood
U ⊂ TM of (q, v) such that, for every (q′, v′) ∈ supp(µ)∩U , the periodic orbit γ(q′,v′)
has minimal period p(q′, v′) ∈ (p(q, v)− , p(q, v)+ ) and satisfies [γ(q′,v′)] = [γ(q,v)]
in H1(M ;Z).
Proof. We fix (q, v) ∈ supp(µ), and an embedded open interval I ⊂M intersecting
the curve γ(q,v) transversely at q. Mather’s graph theorem [Mat91] also says that
the inverse of the injective projection pi : supp(µ)→ pi(supp(µ)) ⊂M is a Lipschitz
map. Therefore, up to shrinking I, we can suppose that for each q′ ∈ I∩pi(supp(µ)),
if we denote by v′ ∈ Tq′M the unique tangent vector such that (q′, v′) ∈ supp(µ),
v′ is transverse to I and points to the same side of I as the vector v. Up to choosing
a smaller interval J ⊆ I around q, there is a well defined continuous hitting-time
function τ : J ∩ pi(supp(µ))→ (0,∞) given by
τ(q′) := inf
{
t > 0
∣∣∣ (q′, v′) ∈ supp(µ), γ(q′,v′)(t) ∈ I}.
Up to further shrinking J around q the following holds: for every (q′, v′) ∈ supp(µ)∩
pi−1(J), the curve γ(q′,v′)|[0,τ(q′)] is either closed or almost closed. In the latter
case, Mather’s graph theorem implies that the points q′ and γ(q′,v′)(τ(q′)) lie in
the same connected component of I \ {q}. Therefore, if we close up γ(q′,v′)|[0,τ(q′)]
by concatenating it with a little segment ζ(q′,v′) ⊂ I, we obtain a closed curve
γ(q′,v′)|[0,τ(q′)] ∗ ζ(q′,v′) that, together with γ(q,v), form the (non-oriented) boundary
of an annulus A ⊂ M . We claim that τ(q′) = p(q′, v′), that is, the segment ζ(q′,v′)
is always reduced to a point, and thus the curve γ(q′,v′) closes up at the hitting
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A
γ(q,v)
γ(q′,v′)
ζ(q′,v′)
Figure 4. The annulus A.
time τ(q′). Indeed, assume by contradiction that ζ(q′,v′) is not a point curve. Then,
γ(q′,v′)(t) belongs to the interior of the annulus A for either t > τ(q
′) sufficiently
close to τ(q′) or t < 0 sufficiently close to 0. Consider the first case (Figure 4),
the second one being completely analogous. Since the curve γ(q′,v′) is periodic and
does not have self-intersections nor intersections with γ(q,v), the exit time
t′ := sup
{
t > τ(q′)
∣∣∣ γ(q′,v′)(s) ∈ A, ∀s ∈ (τ(q′), t)}
is finite and γ(q′,v′)(t
′) lies in the interior of ζ(q′,v′). However, this violates the above
mentioned transversality property implied by Mather’s graph theorem, which forces
γ˙(q′,v′)(t
′) to point in the interior of A.
Now, for each  > 0, we can choose a neighborhood U ⊂ TM of (q, v) that is
small enough so that:
• τ(q′) ∈ (p(q, v)− , p(q, v) + ) for each (q′, v′) ∈ U ∩ supp(µ) ∩ pi−1(J),
• the periodic curve γ(q′,v′)(t) = pi ◦ φtL(q, v) hits J in both positive and
negative time t, for each (q′, v′) ∈ supp(µ) ∩ U .
The neighborhood U has the desired properties. 
A Theorem of Man˜e´ implies that the measure µ ∈ Mmin(L) also minimizes
the action functional S among (not necessarily invariant) holonomic probability
measures with zero rotation vector. This implies that each periodic orbit γ(q,v),
for (q, v) ∈ supp(µ), is a Tonelli waist with energy c0(L). Moreover, we have the
following lemmas.
Lemma 2.11. Every periodic orbit γ1 of L whose lift (γ1, γ˙1) is contained in supp(µ)
is a component of topological boundary γ = (γ1, ..., γm) whose lift to TM is con-
tained in supp(µ).
Proof. If [γ1] = 0, then γ1 is itself a topological boundary, and the lemma follows.
Therefore, in the remainder of the proof, we consider the case where [γ1] 6= 0. Since
supp(µ) is compact, by Lemma 2.10 we can decompose it as a finite disjoint union
supp(µ) = K1 ∪ ... ∪Kn such that, for each i = 1, ..., n, the subset Ki is open and
closed in supp(µ), and there exists hi ∈ H1(M ;Z) such that [γ(q,v)] = hi for all
(q, v) ∈ Ki. If needed, we relabel the sets Ki so that the lift (γ1, γ˙1) is contained
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in K1. We denote by χi : TM → [0, 1] the characteristic function of Ki, that is,
χi(q, v) =
{
1, if (q, v) ∈ Ki,
0, (q, v) ∈ TM \Ki.
Since the sets Ki are open in supp(µ), we have µ(Ki) > 0, and therefore we can
introduce the probability measures µi = µ(Ki)
−1χiµ on Ki. Since
µ = µ(K1)µ1 + . . .+ µ(Kn)µn,
we have
0 = ρ(µ) = µ(K1)ρ(µ1) + . . .+ µ(Kn)ρ(µn). (2.7)
For each 1-form η on M , Birkhoff’s ergodic theorem implies that
〈η, µ(Ki)ρ(µi)〉 =
∫
Ki
ηx(v) dµ(q, v)
=
∫
Ki
p(q, v)−1
(∫
γ(q,v)
η
)
dµ(q, v)
= 〈η, hi〉
∫
Ki
p(q, v)−1dµ(q, v)︸ ︷︷ ︸
=:ai
.
and therefore µ(Ki)ρ(µi) = aihi ∈ H1(M ;R), where ai > 0. Thus, Equation (2.7)
implies that a1h1 + ...+ anhn = 0. Since the classes hi are contained in H1(M ;Z),
the previous equality can also be satisfied with positive integer coefficients, i.e.
b1h1 + . . .+ bnhn = 0
for some integer coefficients bi > 0. Let us choose an arbitrary embedded homologi-
cal boundary ζ having precisely bi components with homology hi, for all i = 1, ..., n.
By Lemma 2.1, ζ contains an irreducibile topological boundary ζ′ = (ζ ′1, ..., ζ
′
m)
such that [ζ ′1] = h1. By Lemma 2.2, the classes [ζ
′
j ] are pairwise distinct. There-
fore, up to relabeling the homology classes h2, ..., hn, we have that [ζ
′
j ] = hj for all
j = 1, ...,m. We conclude that
0 = [ζ′] = h1 + . . .+ hm. (2.8)
Now, for each i = 2, ...,m, we choose an arbitrary (qi, vi) ∈ Ki, and we consider the
corresponding periodic orbit γi := γ(qi,vi). Since [γi] = hi, Equation 2.8 implies that
the multicurve γ := (γ1, ..., γm) is a homological boundary. Since γ is irreducible,
it is a topological boundary. 
Lemma 2.12. Every topological boundary whose lift to TM is contained in the
Mather set M0(L) is a minimal boundary with energy c0(L).
Proof. The so-called Mather’s alpha function α([η]) = c(L− η), where η is a closed
1-form on M and [η] ∈ H1(M ;R), is convex and superlinear, see [CI99, Theo-
rem 2-6.4]. We denote by η a closed 1-form whose cohomology class [η] is a global
minimizer of α. A result of Paternain-Paternain [PP97, Theorem 1.1] implies that
c0(L) = c(L − η). Let M(L) be the set of Borel probability measures µ on the
tangent bundle TM that are invariant by the Euler-Lagrange flow φtL (here, unlike
in the definition ofM0(L), we do not require µ to have zero rotation vector). Notice
18 L. ASSELLE, G. BENEDETTI, AND M. MAZZUCCHELLI
thatM(L) =M(L−η), since the Euler-Lagrange flows φtL and φtL−η coincide. The
Man˜e´ critical value c(L) can be characterized as
c(L) = − inf
µ∈M(L)
∫
TM
Ldµ.
For each (q, v) ∈ M0(L), we denote by µ(q,v) ∈ M(L) the invariant probability
measure supported on the periodic orbit γ(q,v), i.e.∫
TM
f dµ(q,v) =
1
p(q, v)
∫ p(q,v)
0
f ◦ φtL(q, v) dt, ∀f ∈ C0(TM).
A result of Fathi-Giuliani-Sorrentino [FGS09, Lemma 3.5] implies that, for every
(q, v) ∈M0(L), the probability measure µ(q,v) satisfies∫
TM
(L− η) dµ(q,v) = inf
µ∈M(L)
∫
TM
(L− η) dµ = −c(L− η) = −c0(L).
If we rephrase this identity in terms of the periodic orbit γ(q,v), we obtain that
Sc0(L)(γ(q,v)) =
∫
γ(q,v)
η = 〈η, [γ(q,v)]〉, ∀(q, v) ∈M0(L). (2.9)
Now, let γ be a topological boundary whose lift of each component (γi, γ˙i) is con-
tained in the Mather setM0(L). Since [γ] = 0 in H1(M ;Z), Equation (2.9) implies
that
Sc0(L)(γ) = 〈η, [γ]〉 = 0.
Therefore, Lemma 2.7 implies that γ is a minimal boundary with energy c0(L). 
We can now provide the characterization of the Mather set M0(L) in terms of
minimal boundaries.
Proposition 2.13. Let M be an oriented closed surface, and L : TM → R a Tonelli
Lagrangian with e0(L) < c0(L). Then Gc0(L)(L) =M0(L).
Proof. The inclusion M0(L) ⊆ Gc0(L)(L) follows immediately from Lemmas 2.11
and 2.12. Conversely, let γ = (γ1, ..., γm) be a minimal boundary with energy c0(L),
and p1, ..., pm the periods of its components. From Theorem 1.1 we know that
Sc0(L)(γ) = 0. The minimal boundary γ defines an invariant measure µγ ∈M(L)
by ∫
TM
f dµγ =
1
p
m∑
i=1
∫ pi
0
f(γi(t), γ˙i(t)) dt, ∀f ∈ C0c (TM),
where p := p1 + ...+ pm. Clearly, µγ has zero rotation vector and action given by
S(µγ) = 1
p
(Sc0(L)(γ)− p c0(L)) = −c0(L) = inf
µ∈M0(L)
∫
TM
Ldµ,
where in the last equality we used the chararacterization of c0(L) from [PP97].
This implies that the tangent lift of γ is contained in the Mather set M0(L), and
therefore Gc0(L)(L) ⊆M0(L). 
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2.5. Locally-minimal boundaries on supercritical energies. Let us quickly recall the
technicalities of the functional setting of the free-period action Se. For our purpose,
it is enough to define Se over the space ofW 1,2 periodic curves with arbitrary period.
Indeed, it is well known that the local minimizers in this setting are precisely
the local minimizers in the absolutely continuous setting. This space of curves is
formally given by W 1,2(R/Z,M) × (0,∞), where a pair (Γ, p) in this product is
identified with the p-periodic curve γ(t) = Γ(t/p), and as usual we will simply write
γ = (Γ, p). The functional Se is lower semicontinuous on W 1,2(R/Z,M)× (0,∞),
and certain γ = (Γ, p) ∈W 1,2(R/Z,M)×(0,∞) may have action Se(γ) =∞. When
working on a bounded energy range [e1, e2] ⊂ R, as is the case in Theorem 1.3, a way
to gain more regularity is to modify the Lagrangian L on E−1[e2 + 1,∞) in order
to make it fiberwise quadratic outside a compact set of the tangent bundle TM .
A construction of such a modified Lagrangian L′ can be found in, e.g., [CIPP00,
Prop. 18]. By [CIPP00, Lemma 19], we have c(L) = c(L′). For each e ∈ [e1, e2] the
free-period action functional S ′e of L′ is real-valued, C1,1, and satisfies the Palais-
Smale condition on subsets of the form W 1,2(R/Z,M)× [p−, p+]. Moreover it has
the same critical points and local minimizers as the original Se (see Lemma A.1 in
the Appendix). For this reason, in the rest of this subsection we can assume without
loss of generality that the Tonelli Lagrangian L is fiberwise quadratic outside a
compact set of TM .
The following general statement, which is actually valid on any closed config-
uration space M , will be needed to show that the periodic orbits provided by
Theorem 1.3 are simple.
Lemma 2.14. Let M be a closed manifold, and L : TM → R a Tonelli Lagrangian.
For every simple periodic orbit γ = (Γ, p) ∈ W 1,2(R/Z,M) × (0,∞) of the La-
grangian system of L, there exists a neighborhood U ⊂ W 1,2(R/Z,M) × (0,∞)
such that any periodic orbit of the Lagrangian system of L in U is simple as well.
Proof. By [Fat08, Theorem 2.7.4], for each energy value e > e0(L) there exists
τ = τ(e) > 0 small enough such that, for all q ∈ M and t ∈ (0, τ), the map pi ◦
φtL|TqM∩E−1(−∞,e) is a diffeomorphism onto an open neighborhood of q. Moreover,
by [Fat08, Theorem 3.6.1], for all (q, v) ∈ M with E(q, v) < e and σ ∈ (0, τ), the
curve
γ : [0, σ]→M, γ(t) = pi ◦ φtL(q, v)
is a strict action minimizer: if ζ : [0, σ] → M is any other absolutely continuous
curve such that ζ(0) = γ(0) and ζ(σ) = γ(σ), then∫ σ
0
L(γ(t), γ˙(t)) dt <
∫ σ
0
L(ζ(t), ζ˙(t)) dt. (2.10)
Let γn = (Γn, pn) be a sequence of periodic orbits that converges to the simple
one γ = (Γ, p) in W 1,2(R/Z,M) × (0,∞) as n → ∞. Let en := E(γn(0), γ˙n(0)).
We claim that there exists e ∈ R such that en < e for all n ∈ N. Otherwise,
up to passing to a subsequence, we would have en → ∞. This would imply that
|γ˙n(t)| → ∞ for all t ∈ R, where | · | denotes an arbitrary Riemannian norm.
Therefore, since the periods pn are bounded away from zero, we would obtain that
length(γn) =
∫ pn
0
|γ˙n(t)|dt→∞, which is impossible, for length(γn)→ length(γ).
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Let τ = τ(e) > 0 be the constant introduced above, so that for all q ∈M and t ∈
(0, τ) the map pi◦φtL|TqM∩E−1(−∞,e) is a diffeomorphism onto an open neighborhood
of q. Since, for all t ∈ (0, τ), we have that γn(t) = pi ◦ φtL(γn(0), γ˙n(0)) → γ(t) as
n→∞, we infer that γ˙n(0)→ γ˙(0). Therefore, Γn converges to Γ in C∞(R/Z,M).
Since being a simple curve is a C1-open condition, we conclude that, for n large
enough, γn is a simple curve. 
For the rest of this section, let M be an oriented closed surface, and L : TM → R
a Tonelli Lagrangian such that e0(L) < c0(L). Let γ = (γ1, ..., γm) be an irreducible
minimal boundary with energy c0(L), whose existence is guaranteed by Theorem 1.1
and Corollary 2.8. For i = 1, ...,m, we denote by Ci the connected component of
W 1,2(R/Z,M) × (0,∞) containing γi. If m > 1, Lemma 2.2 implies that Ci 6= Cj
for all i 6= j, and none of the Ci’s contains iterated curves.
We recall that the free-period action functional Sc0(L) is bounded from below on
every connected component of W 1,2(R/Z,M) × (0,∞), see [Abb13, Lemma 4.1].
Actually,
Sc0(L)(γi) = infCi Sc0(L) =: ci. (2.11)
Otherwise, there would exists γ′i ∈ Ci with Se(γ′i) < Se(γi); since [γ′i] = [γi] in
H1(M ;Z), the multicurve γ
′ = (γ1, ..., γi−1, γ′i, γi+1, ..., γm) would be a homological
boundary with action
Sc0(L)(γ′) = Sc0(L)(γ)− Sc0(L)(γi) + Sc0(L)(γ′i) < Sc0(L)(γ) = 0,
contradicting Lemma 2.7.
If γ has m > 1 components, we define the closed subsets
Ki := Ci ∩ S−1c0(L)(ci), i = 1, ...,m,
which do not contain iterated curves. If instead γ has only m = 1 component, we
have c1 = 0, and the intersection C1 ∩ S−1c0(L)(c1) also contains iterated curves; in
this case, we set
K1 :=
{
ζ ∈ C1 ∩ S−1c0(L)(c1)
∣∣ ζ is not iterated}.
In both cases, the subsets Ki are non-empty according to (2.11), contain Tonelli
waists with energy c0(L), and do not contain iterated curves. Consider a multicurve
ζ ∈ (ζ1, ..., ζm) ∈ K1×...×Km. Since every component ζi has the same homology of
the corresponding component γi, ζ is a homological boundary. Since it has minimal
action Sc0(L)(ζ) = Sc0(L)(γ) = 0, its lift is contained in the Mather set M0(L).
Notice that ζi 6= ζj for all i 6= j, since Ki ∩ Kj = ∅. Moreover, Mather’s graph
Theorem implies that the components ζj ’s have pairwise disjoint image and are
simple periodic orbits, that is, ζ is an embedded homological boundary with action
Sc0(L)(ζ) = 0.
Lemma 2.15. Each space Ki is compact.
Proof. If m > 1, we already know that the Ki’s are closed. If m = 1, we claim that
K1 is closed as well; indeed, on an oriented closed surface, a loop that is the limit
of simple loops cannot be an iterated loop; therefore, the closure of K1 is disjoint
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from the complement C1 ∩ S−1c0(L)(c1) \ K1; since C1 ∩ S
−1
c0(L)
(c1) is closed, we infer
that K1 is closed as well2. The evaluation map
ev : K1 ∪ ... ∪ Km → E−1(c0(L)), ev(ζ) = (ζ(0), ζ˙(0))
is a homeomorphism onto its image. Since the energy level E−1(c0(L)) is compact,
we conclude that the closed sets Ki are compact as well. 
We fix real numbers p−, p+ ∈ (0,∞) such that
p− < min
{
p
∣∣ θ = (Θ, p) ∈ K1 ∪ ... ∪ Km},
p+ > max
{
p
∣∣ θ = (Θ, p) ∈ K1 ∪ ... ∪ Km}.
The compactness of K1 ∪ ... ∪ Km, together with Lemma 2.14, implies that each
Ki has an open neighborhood Ui ⊂ W 1,2(R/Z,M) × [p−, p+] such that all the
periodic orbits of the Lagrangian system of L contained in Ui are simple. Since
every multicurve ζ = (ζ1, ..., ζm) ∈ K1 × ... × Km is embedded, up to further
shrinking the Ui’s, all curves ζ ∈ Ui and η ∈ Uj have disjoint image provided i 6= j.
Lemma 2.16. There exist  > 0 and arbitrarily small neighborhoods Wi ⊆ Ui of Ki
such that
inf
∂Wi
Se > infWi Se, ∀e ∈ [c0(L), c0(L) + ).
Proof. We fix i ∈ {1, ...,m} once for all. Let d be the distance on W 1,2(R/Z,M)×
(0,∞) induced by its standard Riemannian metric. For each r > 0, we denote by
Vr the open neighborhood of Ki of radius r, that is
Vr =
{
γ ∈W 1,2(R/Z,M)× (0,∞) ∣∣ d(γ, ζ) < r for some ζ ∈ Ki}.
We choose r > 0 small enough so that V3r ⊆ Ui, and the gradient norm ‖∇Sc0(L)‖
is bounded from above on V3r. We set K′i to be the set of critical points of Sc0(L)
contained in the closure of V3r \Vr. Since Sc0(L) satisfies the Palais-Smale condition
on W 1,2(R/Z,M)× [p−, p+], we have that
c′ := inf Sc0(L)|K′i > ci.
We fix c′′ ∈ (ci, c′). The closure of {Sc0(L) < c′′} ∩ (V3r \ Vr) does not contain any
critical point of Sc0(L) and, again by the Palais-Smale condition, there exists δ > 0
such that ‖∇Sc0(L)‖ ≥ δ on {Sc0(L) < c′′} ∩ (V3r \ Vr).
We set Wi := V2r, and we claim that
inf Sc0(L)|∂Wi > inf Sc0(L)|Wi = ci.
Indeed, assume by contradiction that there exists a sequence {γj | j ∈ N} ⊂ ∂Wi
with Sc0(L)(γj) < ci + 1/j. Fix 0 < b < min{c′′ − ci, δr} and j > 1/b. Notice
that the curve γj is contained in the sublevel set {Sc0(L) < c′′}. Consider the anti-
gradient flow Φs of the functional Sc0(L), that is, the partial flow defined by the
ordinary differential equation
d
dsΦs = −∇Sc0(L) ◦ Φs.
2Actually, if γ1 is not contractible, C1 does not even contain iterated loops, for a non-
contractible simple loop on an oriented closed surface is never freely homotopic to an iterated
curve, see e.g. [FM12, Proposition 1.4])
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Since ‖∇Sc0(L)‖ is bounded from above on V3r, every orbit s 7→ Φs(γ) that does
not stay inside V3r for all s > 0 will eventually hit the boundary of V3r. Let
sout ∈ (0,∞] be the largest real number such that
Φs(γj) ∈ V3r \ Vr, ∀s ∈ (0, sout).
We must have sout < b/δ
2 <∞, for
ci < Sc0(L)(Φsout(γj)) = Sc0(L)(γj)−
∫ sout
0
‖∇Sc0(L)(Φs(γj))‖2 < ci + b− δ2sout.
However, since on the time interval [0, sout] the curve s 7→ Φs(γj) crosses a region
of width r, we have the estimate
Sc0(L)(Φsout(γj)) = Sc0(L)(γj)−
∫ sout
0
‖∇Sc0(L)(Φs(γj))‖2ds
< ci + b− δ
∫ sout
0
‖∂sΦs(γj)‖ ds
< ci + b− δr
< ci,
which contradicts the fact that inf Sc0(L)|Ci = ci. This completes the proof of the
lemma for e = c0(L). The general statement follows from this, by observing that
Se(Γ, p) = Sc0(L)(Γ, p) + (e− c0(L))p. 
Proof of Theorem 1.3. Consider the quantity  > 0 and the open neighborhoods
Wi provided by Lemma 2.16. Fix e ∈ (c0(L), c0(L) + ). It is well known that
Se satisfies the Palais-Smale condition on subsets of the form W 1,2(R/Z,M) ×
[p−, p+], see [Abb13, Lemma 5.3]. Therefore, for each i = 1, ...,m, there exists a
minimizer ζi of Se|Wi , which is a simple Tonelli waist with energy e. By Lemma 2.1,
the embedded homological boundary ζ = (ζ1, ..., ζm) is a union of finitely many
topological boundaries. 
Proof of Theorem 1.4. Let M be the two-sphere and consider an arbitrary energy
level e ∈ (c(L), cw(L)). Since we are looking for infinitely many periodic orbits
with energy e, we can assume that the set of critical points crit(Se) is a collection
of isolated critical circles. Let γ be a simple Tonelli waist with energy e, which
exists by Theorem 1.3. For each m ∈ N, we introduce the space of paths
Pm :=
{
P : [0, 1]
C0−→W 1,2(R/Z, S2)× (0,∞) ∣∣ P (0) ∈ γ, P (1) ∈ γm},
and the minimax value
sm := inf
P∈Pm
max
s∈[0,1]
Se(P (s)).
Since the two-sphere is an oriented surface, every iterate of γ is still a local minimizer
of Se, see [AMP15, Lemma 4.1]. Therefore
sm > Se(γm) = mSe(γ).
As e > c0(L), the free-period action functional Se is strictly positive and satisfies
the Palais-Smale condition at every level on the whole W 1,2(R/Z, S2)× (0,∞), see
[Abb13, Lemmas 5.1–5.4]. Therefore, sm is a critical value of the free-period action
functional Se and sm → +∞ as m → +∞. Actually, a standard deformation
argument from critical point theory allows us to find, for each arbitrarily small
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neighborhood W ⊂ W 1,2(R/Z, S2) × (0,∞) of the set of critical points crit(Se) ∩
S−1e (sm), a path P ∈ Pm such that
P ([0, 1]) ⊂ {Se < sm} ∪W. (2.12)
Assume now by contradiction that the Lagrangian system of L admits only
finitely many non-iterated periodic orbits γ1, ..., γk with energy e. In particular,
every such periodic orbit γi lies on an isolated critical circle Zi of Se. Let us re-
call the non-mountain pass Theorem for high iterates, which was originally proved
in [AMMP17, Theorem 2.6] for magnetic Lagrangians, and extended in [AM16,
Lemma 4.3 and proof of Theorem 1.2] to the case of general Tonelli Lagrangians:
there exist constants mi ∈ N and, for all m ≥ mi, arbitrarily small open neighbor-
hoods Wi,m of Zmi := {ζm | ζ ∈ Zi} such that the inclusion induces an injective
map between path-connected components
pi0({Se < Se(γmi )}) ↪→ pi0({Se < Se(γmi )} ∪Wi,m). (2.13)
Consider a large enough m ∈ N such that sm ≥ max
{Se(γmii ) ∣∣ i = 1, ..., k}. The
set of critical points crit(Se)∩S−1e (sm) is comprised of finitely many critical circles
crit(Se) ∩ S−1e (sm) = Zm1i1 ∪ ... ∪ Zmkik ,
where mj ≥ mij for all j = 1, ..., k. We choose the neighborhoods Wij ,mj of Zmjij
small enough so that they are pairwise disjoint. We set
W :=Wi1,m1 ∪ ... ∪Wik,mk ,
and we choose a path P ∈ Pm satisfying (2.12). By (2.13), we can modify P in order
to obtain a new path Q ∈ Pm such that Q([0, 1]) ⊂ {Se < sm}. This contradicts
the definition of the minimax value sm. 
3. The non-orientable case
Let M be a closed manifold, and L a Tonelli Lagrangian. For a given cover
M ′ → M , we denote by L′ : TM ′ → R the lift of L. Clearly e0(L′) = e0(L). Let
M0 → M and M ′0 → M ′ be the universal abelian covers, which have fundamental
groups
pi1(M0) = [pi1(M), pi1(M)], pi1(M
′
0) = [pi1(M
′), pi1(M ′)].
Since pi1(M
′
0) is a subgroup of pi1(M0), M
′
0 is a cover of M0, and in particular
c0(L
′) ≤ c0(L). (3.1)
Moreover, we have the following statement.
Lemma 3.1. Let M be a closed manifold, L : TM → R a Tonelli Lagrangian, and
L′ : TM ′ → R its lift to the tangent bundle of a finite cover M ′ of M . Then
c0(L
′) = c0(L).
Proof. As above, we denote by M0 and M
′
0 the universal abelian covers of M
and M ′, respectively. We already know that c0(L′) ≤ c0(L). Let us assume by
contradiction that c0(L
′) < c0(L). In particular, there exists a null-homologous
periodic curve γ : R/pZ → M with action Sc0(L′)(γ) < 0. Let m ∈ N be the
minimal integer such that the homotopy class [γ]m ∈ pi1(M) belongs to the subgroup
pi1(M
′). Let d be the number of sheets of the finite cover M ′. Notice that m
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divides d, and we set k := d/m. The m-th iterate of γ lifts to periodic curves
ζi : R/mpZ→M ′, for i = 1, ..., k, with pairwise distinct image. Notice that
S ′c0(L′)(ζi) = mSc0(L′)(γ),
where S ′e is the action functional associated to the Lagrangian L′. At chain level,
the multicurve ζ = (ζ1, ..., ζk) is nothing but the image of γ under the transfer map
associated to the finite cover M ′, see [Hat02, page 321]. Since the transfer map is a
chain homomorphism, the multicurve ζ is a homological boundary in M ′. However,
S ′c0(L′)(ζ) = kmSc0(L′)(γ) < 0,
which contradicts Lemma 2.7. 
We can now state and prove the main result about periodic orbits on subcritical
energy levels on non-orientable surfaces.
Theorem 3.2. Let M be a closed non-orientable surface, and L : TM → R a Tonelli
Lagrangian such that e0(L) < c0(L). For each energy value e ∈ (e0(L), c0(L)], there
exists a homological boundary γ in M with the following properties:
(i) each component γi is a simple Tonelli waist of L with energy e,
(ii) for each i, j ∈ {1, ...,m}, either γi and γj coincide or they have disjoint
support,
(iii) γ has action Se(γ) < 0 if e < c0(L), and action Se(γ) = 0 if e = c0(L),
(iv) γ lifts to a minimal boundary with energy e for L′, where L′ is the lift of
L to the tangent bundle of the orientation double cover M ′ of M .
Proof. Let pi : M ′ → M be the orientation double cover of the non-orientable
closed surface M . We lift L to a Tonelli Lagrangian L′ : TM ′ → R, L′(q, v) =
L(pi(q),dpi(q)v), and we denote by S ′e the action functional associated to L′. Clearly
e0(L) = e0(L
′) and, by Lemma 3.1, c0(L) = c0(L′). Fix an energy value e ∈
(e0(L), c0(L)]. By Theorem 1.1, there exists a minimal boundary γ
′ = (γ′1, ..., γ
′
m)
with energy e for L′ whose action is either S ′e(γ′) < 0 if e < c0(L), or S ′e(γ′) = 0 if
e = c0(L). The projection γ = (γ1, ..., γm) := pi(γ
′) is a homological boundary that
satisfies points (iii-iv) of the statement, and whose components are Tonelli waists
with energy e. Let F : M ′ → M ′ be the non-trivial deck transformation of the
orientation double cover. Notice that γi(r) = γj(s) for some (i, r) 6= (j, s) if and only
if F (γ′i(r)) = γ
′
j(s). Since the Lagrangian L
′ satisfies L′(F (q),dF (q)v) = L′(q, v) for
all (q, v) ∈ TM ′, the multicurve F (γ′) = (F (γ′1), ..., F (γ′m)) is a minimal boundary.
Therefore, by Theorem 1.2, F (γ′i(r)) = γ
′
j(s) if and only if F (γ
′
i(r+ t)) = γ
′
j(s+ t)
for all t ∈ R. This completes the proof of point (i), showing that the components
of γ are embedded, and of point (ii). 
4. Genericity of the condition e0(L) < cu(L)
Let M be a closed manifold, and L : TM → R a Tonelli Lagrangian with energy
E : TM → R. We denote by Se : W 1,2(R/Z,M) × (0,∞) → R ∪ {∞} the free-
period action functional at energy e. It is well known that e0(L) ≤ cu(L). Indeed,
Se0(L)(Γ, p) = 0 if Γ is a constant curve at some q ∈ M with e0(L) = E(q, 0) =
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−L(q, 0). We set
V (q) := −L(q, 0),
θq(v) := ∂vL(q, 0)v,
gq(v, v) := ∂
2
vvL(q, 0)[v, v].
Notice that g is a Riemannian metric on M , since L is Tonelli. Moreover,
e0(L) = −minL( · , 0) = maxV.
We consider the function
λ : V −1(e0(L))→ R, λ(q) = 2|d2V (q)|1/2 − |dθq|,
where | · | is the norm induced by g, and d2V (q) is the Hessian of V at q. Notice
that this Hessian is well defined, for V −1(e0(L)) ⊂ crit(V ).
Proposition 4.1. If the function λ is somewhere negative, then e0(L) < cu(L).
Proof. Assume that there exists a point q ∈ V −1(e0(L)) such that λ(q) < 0, and
fix two normal tangent vectors u, v ∈ TqM such that |u| = |v| = 1 and
dθq(u, v) = |dθq| 6= 0. (4.1)
Let D ⊂ M be an embedded open 2-disk containing the point q and such that
TqD = span{u, v}. We orient D so that v, u is an oriented basis of TqD, and we
denote by µ the Riemannian volume form on D induced by g for this orientation.
Notice that dθ|D = fµ for some smooth function f : D → R such that f(q) < 0.
We set b := |d2V (q)|. Since λ(q) < 0, we can also fix a > 0 small enough so that
2
√
a+ b+ f(q) < 0. (4.2)
For each r > 0 smaller than the injectivity radius of g|D at q, we set
er := e0(L) +
a
2 r
2,
and we denote by γr the boundary of the Riemannian ball Br ⊂ D of g|D centered at
q of radius r. We parametrize γr counterclockwise with constant speed |γ˙r(t)| ≡ sr
and period τr given by
τr :=
`r
r
√
a+ b
, sr := r
√
a+ b,
where `r is the length of γr. Since `r = 2pir + o(r), we have
τr =
2pi√
a+ b
+ o(1).
Since e0(L) = V (q), we can estimate
L(x, u) ≤ −e0(L) + θx(u) + 12 |u|2 + 12bdist(q, x)2 + o(dist(q, x)2) + o(|u|2),
where we denoted by “dist” the Riemannian distance in (D, g). Therefore
L(γr, γ˙r) + er =
1
2
s2r + θγr (γ˙r) + er − e0 +
b
2
r2 + o(r2)
=
a+ b
2
r2 + θγr (γ˙r) +
a+ b
2
r2 + o(r2)
= (a+ b)r2 + θγr (γ˙r) + o(r
2).
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Moreover ∫ τr
0
θγr(t)(γ˙r(t))dt =
∫
Br
dθ =
∫
Br
fµ = f(q)pir2 + o(r2).
Putting together the last two equations, we obtain the estimate
Ser (γr) = τr(a+ b)r2 + o(r2) + f(q)pir2 + o(r2)
=
(
2
√
a+ b+ f(q)
)
pir2 + o(r2).
This, together with (4.2), shows that Ser (γr) is negative for r > 0 small enough
and hence e0(L) < er < cu(L). 
We denote by T the set of Tonelli Lagrangians L : TM → R, and by T ′ ⊂ T
the subset of those Tonelli Lagrangians L such that e0(L) < cu(L).
Proposition 4.2. The subset T ′ is C0-open and C1-dense in T .
Proof. Consider a Tonelli Lagrangian L ∈ T ′, and fix an energy e ∈ (e0(L), cu(L))
and a curve γ = (Γ, p) ∈ W 1,2(R/Z,M)× (0,∞) such that Se(γ) < 0. Let L′ ∈ T
be an arbitrary Tonelli Lagrangian such that |L− L′| ≤ δ on the support of (γ, γ˙)
and on the zero section, where
δ = min
{
1
pSe(γ), e− e0(L)
}
If S ′e denotes the free-period action functional associated to L′, we have
S ′e(γ) ≤ Se(γ) + pδ < 0,
and therefore e < cu(L
′). Moreover,
e0(L
′) = −minL′( · , 0) ≤ −minL( · , 0) + δ = e0(L) + δ ≤ e < cu(L′).
This proves that T ′ is C0-open in T .
Now, let L ∈ T be an arbitrary Tonelli Lagrangian and fix an arbitrary δ > 0.
Let us adopt the notation of Proposition 4.1, and consider V , θ, g, and λ associated
to L. We fix a global maximum q of V , so that V (q) = e0(L) and prove that there
exists L′′ ∈ T ′ with |L− L′′|C1 < δ in two steps.
First, we claim that there exists L′ ∈ T such that |L−L′′|C1 < δ/2 and with the
property that V ′(q) = e0(L′) and d2V ′(q) = 0. To this purpose, for every arbitrary
 > 0, we consider a small open ball Br()(q) of radius r() such that |dV | ≤  on
Br()(q). There exist a compactly supported function χ : Br()(q) → [0, 1] which
is equal to 1 on Br()/2(q) and a constant C depending only on a choice of a metric
on M such that
|e0(L)− V | ≤ Cr, |dχ| ≤ Cr−1, on Br()(q).
We define L′ : TM → R as L′ = L− (e0(L)− V )χ. There holds
|L′ − L|+ |d(L′ − L)| = |(e0(L)− V )χ|+ |χdV |+ |(e0(L)− V )dχ|
≤ Cr+ + Cr · Cr−1,
from which we see that L′ ∈ T and |L′ − L|C1 < δ/2 provided  is small enough.
Moreover, V ′ = V + (e0(L)− V )χ ≤ e0(L) and
V ′ (q
′) = V (q′) + (e0(L)− V (q′)χ(q′) = e0(L), ∀ q′ ∈ Br()/2(q).
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Therefore, we conclude that e0(L
′
) = V
′(q) = e0(L) and that d2V ′(q) = 0, so that
we can take L′ = L′ for  small.
The second step consists in finding L′′ ∈ T ′ with |L′′−L′|C1 ≤ δ/2. We look for
L′′ of the form
L′′ (x, v) = L
′(x, v) + χ
(|v|2)νx(v)
for  > 0 small. Here, χ : [0,∞) → [0, 1] is a smooth bump function supported in
[0, 1] equal to 1 in a neighbourhood of 1 while ν is some 1-form on M . Clearly, L′′
converges to L′ as  tends to 0 and coincides with L′ + ν close to the zero section.
Therefore, V ′′ = V
′ and θ′′ = θ
′ + ν. By Proposition 4.1 it is enough to choose ν
in such a way that the number
λ′′ (q) = 2|d2V ′′ (q)|1/2 − |d(θ′′ )q| = −|dθq + dνq|
is negative for some small . This can clearly be achieved and finishes the proof
that T ′ is C1 dense in T . 
5. Applications to Finsler geodesic flows of Randers type on S2
Let L : TS2 → R be a Tonelli Lagrangian, with associated energy function
E : TS2 → R and free-period action functionals Se. It is well known that for
every e > c(L), the Euler-Lagrange flow of L on the energy hypersurface E−1(e)
is orbitally equivalent to the geodesic flow of a Finsler metric on the unit tangent
bundle of S2, see [CIPP98, Cor. 2]. If the Lagrangian is magnetic, this equivalence
is particularly explicit, as we now recall following [Pat99].
Let g be a Riemannian metric and σ an exact 2-form on S2. For every primitive
θ of L, we define the magnetic Tonelli Lagrangian
L(q, v) = 12gq(v, v) + θq(v).
The Euler-Lagrange flow φtL and the free-period action functional Se are indepen-
dent of the choice θ. In particular, the same is true for the Man˜e´ critical value
c(L) and for the energy value cw(L) provided by Theorem 1.3. The energy func-
tion associated to L is given by E(q, v) = 12 |v|2, and thus e0(L) = 0. The Tonelli
Hamiltonian H : T∗S2 → R dual to L is given by
H(q, p) = 12 |p− θq|2.
We denote by | · | the norm of tangent and cotangent vectors associated to the
Riemannian metric g on S2, and by ‖ · ‖∞ the corresponding L∞-norm of 1-forms,
i.e.
‖θ‖∞ := max
q∈S2
|θq|.
By [CIPP98, Theorem A], we have
c(L) = inf
dθ=σ
1
2‖θ′‖2∞,
where the infimum is taken over all primitives θ′ of σ, and Proposition 4.1 implies
that c(L) > e0(L) provided σ is not identically zero. We fix r > ‖θ‖∞, and consider
the Finsler metric of Randers type on S2
F (q, v) = |v|+ r−1θq(v).
The diffeomorphism
ψ : E−1(r2/2)→ F−1(1), ψ(q, v) = (q, F (q, v)−1v)
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realizes an orbit equivalence between the Euler-Lagrange flow of L and the geodesic
flow of F on the respective energy hypersurfaces (see [Pat99, Lemma 2.1]).
We define
r0(g, σ) :=
√
2 c(L) = inf
dθ′=σ
‖θ′‖∞,
rw(g, σ) :=
√
2 cw(L),
(5.1)
where the infimum is taken over all primitives θ′ of σ. Notice that
r0(g, σ) < rw(g, σ),
according to Theorem 1.3. A periodic curve Γ : R/Z→ S2 is called a waist of the
Finsler metric F when it is a local minimizer of the length function
L : C∞(R/Z, S2)→ R, L(Γ) =
∫ 1
0
F (Γ(t), Γ˙(t)) dt.
The reparametrization of a waist with constant F -speed is a closed geodesic for
the Finsler metric F . Notice that, if γ = (Γ, p) is a smooth periodic curve with
constant energy E(γ(t), γ˙(t)) ≡ 12r2, then Sr2/2(γ) = L(Γ). This, together with the
fact that L(Γ) is independent of the parametrization of Γ, implies that Γ is a waist
of F whenever γ = (Γ, p) is a local minimizer of the free-period action functional
Sr2/2. Therefore, by applying Theorems 1.3 and 1.4 to magnetic Lagrangians on
S2, we obtain a class of Finsler metrics of Randers type on S2 possessing infinitely
many closed geodesics.
Theorem 5.1. Let g be a Riemannian metric and σ an exact 2-form on S2 that is
not identically zero. Let θ be any primitive of σ such that ‖θ‖∞ < rw(g, σ), and r
any positive real number such that ‖θ‖∞ < r < rw(g, σ). Then, the Finsler metric
F (q, v) = gq(v, v)
1/2 + r−1θq(v)
has a simple waist and infinitely many closed geodesics. 
In view of Theorem 5.1, it is useful to have a criterion that guarantees whether
a given primitive θ of σ satisfies ‖θ‖∞ < rw(g, σ). One such criterion is provided
by the following lemma, which applies in particular when g and θ are rotationally
symmetric.
Lemma 5.2. Let M be a closed oriented surface, g a Riemannian metric on M ,
and θ a non-closed 1-form on M . Consider the vector field Z on M defined by
g(Z, · ) = −θ, and the set
N :=
{
q ∈M ∣∣ |θq| = ‖θ‖∞}.
If N contains a topological boundary γ whose components are periodic orbits of
the flow of Z, then ‖θ‖∞ = r0(g,dθ) < rw(g,dθ).
Proof. We introduce the associated Tonelli Lagrangian L : TM → R, L(q, v) =
1
2gq(v, v) + θq(v). All we have to show is that c0(L) ≥ 12‖θ‖2∞. To this purpose we
notice that
L(q, v) + 12‖θ‖2∞ = 12
(|v + Z(q)|2 + ‖θ‖2∞ − |θq|2).
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In particular
L(q, v) + 12‖θ‖2∞ = 12 |v + Z(q)|2, ∀q ∈ N, v ∈ TqS2. (5.2)
Let γ = (γ1, ..., γm) ⊂ N be a topological boundary whose components are periodic
orbits of the flow of Z, and consider the multicurve ζ := γ given by reversing
the orientation of any component of γ. Since every component ζi of ζ satisfies
ζ˙i(t) = −Z(ζi(t)), by (5.2) we have
S‖θ‖2∞/2(ζ) =
m∑
i=1
S‖θ‖2∞/2(ζi) =
m∑
i=1
∫ pi
0
1
2 |ζ˙i(t) + Z(ζi(t))|2dt = 0.
This implies the desired inequality. 
Appendix A. Waists and modifications of the Lagrangian
Let M be a closed manifold, and L : TM → R a Tonelli Lagrangian with
associated energy E : TM → R, free-period action functional Se : W 1,2(R/Z,M)×
(0,∞) → R, and Euler-Lagrange flow φtL : TM → TM . Any Tonelli waist γ with
energy e is a periodic orbits of the Lagrangian system of L with energy e. If we
modify the Lagrangian away from E−1(e), γ remains a periodic orbit of the new
Lagrangian system, but a priori it may not be a minimizer of the new free-period
action functional. However, we have the following statement.
Lemma A.1. Let L′ : TM → R be a Tonelli Lagrangian that coincide with L on
the sublevel set E−1(−∞, e′], for some e′ > e > e0(L), and let S ′e be the free-period
action functional of L′. A local minimizer of S ′e is a local minimizer of Se as well.
Remark A.2. The lemma becomes trivial if one considers the free-period action
functionals defined on the space of C1 periodic curves. However, in order to apply
global methods from nonlinear analysis, it is more suitable to work with the Sobolev
loop space W 1,2(R/Z,M). 
Proof of Lemma A.1. Let pi : TM →M denote the base projection. As we already
recalled in the proof of Lemma 2.14, there exists τ = τ(e′) > 0 small enough
such that, for all q ∈ M and t ∈ (0, τ), the map pi ◦ φtL|TqM∩E−1(−∞,e′) is a
diffeomorphism onto an open neighborhood of q, and for all σ ∈ (0, τ) and v ∈ TqM
with E(q, v) < e′, the curve
γ : [0, σ]→M, γ(t) = pi ◦ φtL(q, v)
is a strict action minimizer: if ζ : [0, σ] → M is any other absolutely continuous
curve such that ζ(0) = γ(0) and ζ(σ) = γ(σ), then∫ σ
0
L(γ(t), γ˙(t)) dt <
∫ σ
0
L(ζ(t), ζ˙(t)) dt.
Assume by contradiction that there exists a local minimizer γ = (Γ, p) of S ′e that
is not a local minimizer of Se. Therefore, there exists a sequence ζn = (Zn, pn) ∈
W 1,2(R/Z,M)× (0,∞) such that Se(ζn) < Se(γ) and ζn → γ in W 1,2(R/Z,M)×
(0,∞). Fix k ∈ N large enough so that p/k < τ . For all n large enough, we have
that pn/k < τ as well and, for each t ∈ R/pnZ, the map
ψn,t : Tζn(t)M ∩ E−1(−∞, e′)→M, ψn,t(v) = pi ◦ φpn/kL (ζn(t), v)
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is a diffeomorphism onto a neighborhood of {ζn(t), ζn(t+ pn/k)}. We set
vn,i := ψ
−1
n,pni/k
(
ζn
( (i+1)pn
k
))
, i = 0, ..., k − 1,
and we define the periodic curve γn = (Γn, pn) ∈W 1,2(R/Z,M)× (0,∞) by
γn(
ipn
k + t) := pi ◦ φtL
(
ζn
(
ipn
k
)
, vn,i
)
.
Notice that γn is a continuous and piecewise broken periodic orbit of the Lagrangian
system of L satisfying Sk(γn) < Sk(ζn). Moreover, since γn( ipnk ) = ζn( ipnk )→ γ( ipk )
as n→∞, we have that Γn|[i/k,(i+1)/k] → Γ|[i/k,(i+1)/k] in the C∞ topology. In par-
ticular, for all n ∈ N large enough and t ∈ R/pnZ, we have that E(γn(t), γ˙n(t+)) <
e′, which implies
Se(γn) = S ′e(γn) < S ′e(γ) = Se(γ).
This contradicts the fact that γ is a minimizer of Se. 
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